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COMBINATORIAL MODELS FOR MODULI SPACES OF OPEN
RIEMANN SURFACES
BRAD SAFNUK
Abstract. We present a simplified formulation of open intersection num-
bers, as an alternative to the theory initiated by Pandharipande, Solomon and
Tessler. The relevant moduli spaces consist of Riemann surfaces (either with
or without boundary) with only interior marked points. These spaces have
a combinatorial description using a generalization of ribbon graphs, with a
straightforward compactification and corresponding intersection theory. Cru-
cially, the generating functions for the two different constructions of open
intersection numbers are identical. In particular, our construction provides
a complete proof of the statement that this generating function is a solution
of the MKP hierarchy, satisfies W p3q-constraints, and additionally proves in
the affirmative the Q-grading conjecture for distinguishing contributions from
surfaces with different numbers of boundary components, as was previously
proposed by the author.
1. Introduction
In [20], Pandharipande, Solomon and Tessler constructed a rigorous intersection
theory on the moduli space of the disk, and proved that the generating function for
these numbers obey a number of constraint conditions that are direct analogues of
the KdV equation and Virasoro constraints for intersection theory on moduli spaces
of closed Riemann surfaces. They conjectured that the full generating function for
descendant integrals on moduli spaces of open Riemann surfaces (i.e. including
all genera and number of boundary components) satisfies an integrable system that
they termed the open KdV hierarchy, as well as corresponding Virasoro constraints.
In proving the consistency of the proposed Virasoro constraints and open KdV
equations, Buryak [7] embedded the open KdV equations into the Burgers-KdV
hierarchy. He proposed that this larger hierarchy would capture the descendant in-
tegrals that included ψ-classes corresponding to boundary marked points. Alexan-
drov [2, 3] then proved that the solution of the Burgers-KdV hierarchy consistent
with the open intersection number generating function is given by the Kontsevich-
Penner matrix model, when Q “ 1:
τQ “ detpΛq
QC´1Λ
ż
HN
dΦexp
ˆ
´Tr
´Φ3
3!
´
Λ2Φ
2
`Q logΦ
¯˙
.
He showed that this matrix model is a solution of the MKP hierarchy, and addi-
tionally satisfies W p3q-constraints.
In [21], we used these W p3q-constraints to derive a topological recursion for-
mula, in the spirit of Chekhov, Eynard, and Orantin [9, 12], which reconstructs the
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generating function. The recursion formula itself suggested a conjectural refine-
ment to the generating function, by incorporating a grading parameter Q, which
distinguishes contributions to the generating function from surfaces with different
numbers of boundary components.
To be more precise, we let Mpg,bq,k,l be the moduli space of Riemann surfaces
with boundary, having genus g, b boundary components, k marked points on the
boundary, and l interior marked points, and ĎMpg,bq,k,l its compactification by nodal
surfaces. Chern classes corresponding to cotangent lines at the interior marked
points are denoted ψi, while the ones coming from boundary marked points are
denoted φi. Assuming that all such constructions can be made rigorous, we define
Fpg,bq,npt1, t2, . . .q “
ÿ
k`l“n
ÿ
~d, ~f
1
k!l!
ż
ĎM
pg,bq,k,l
lź
i“1
ψdii Tdi
kź
j“1
φ
fj
j Sfj ,
where the natural generating function parameters tTdu, tSfu are related to the KP
times ttju by
Td “ p2d` 1q!!t2d`1,
Sf “ 2
f`1pf ` 1q!t2f`2.
Then in [21] we proposed the following
Conjecture 1.1.
τQpt1pΛq, t2pΛq, . . .q “ exp
´ ÿ
g,b,n
~2g`b´2QbFpg,bq,n
¯
,
where
tkpΛq “
1
k
TrΛ´k.
We note that not all details of the proof of the open KdV conjecture are available
at the time of the writing of the present paper. Notably missing are a rigorous
construction of the compactification, and consideration of the boundary behavior of
the line bundles corresponding to the boundary marked points. However, Solomon
and Tessler have announced that complete proofs are forthcoming. Some important
details have appeared [8, 24], including a combinatorial model for the moduli space.
Since, in the intersection theory, the behavior at the boundary plays a crucial
role, their formulas for the generating function include nodal ribbon graphs (i.e.
combinatorial models for nodal open Riemann surfaces). Buryak and Tessler [8]
have successfully constructed a matrix model whose asymptotic expansion can be
expressed as a sum of these nodal open ribbon graphs, and is a solution of the open
KdV hierarchy. They are also working on extending their work to include φ-classes
corresponding to the boundary marked points.
A natural question that arises is what is the relationship between the two different
matrix models used to recreate open intersection numbers? Moreover, is there
some geometric understanding that underpins these different models? It is this
question, as well as providing a proof of the Q-grading conjecture, that motivated
the present work. As a side benefit, we obtain a conceptually simple alternative
geometric model for open intersection numbers, which is of interest in its own right.
In particular, we prove directly that the generating function for our intersection
theory is given by the Kontsevich-Penner model. Hence, it is a solution of the
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modified KP (MKP) hierarchy (c.f. [4, 13]) satisfies W p3q-constraints, and allows
for a proof of Conjecture 1.1.
The main results of the paper are outlined below. First, we give the Feynman
graph expansion of the Kontsevich-Penner model. This is written as a sum over
ribbon graphs with boundary, and explicitly shows that graphs with b boundary
components contribute Qb to the partition function.
Then, we show that these same graphs appear in a combinatorial model for a
simplified variant of the moduli space of open Riemann surfaces. More precisely,
we limit ourselves to the case when there are no marked points on the boundary. If
Mpg,bq,n is the moduli space of genus g Riemann surfaces with b boundary compo-
nents and n (internal) marked points, then in Section 4 we construct an equivalence
of orbifolds
Mpg,bq,n ˆ R
n
`
„
ÝÑ RGpg,bq,n,
where RGpg,bq,n is the complex of ribbon graphs with boundary, as defined in Sec-
tion 2.
The combinatorial model permits an embedding of the open moduli space into
the moduli space of closed Riemann surfaces, and a straightforward compactifica-
tion is obtained by taking the closure of the image in the usual Deligne-Mumford
moduli space of nodal curves. An intersection theory on this moduli space is ob-
tained by considering for any fixed ~x P Rn`, the integral of
1
d!
˜
nÿ
i“1
x2i
2
ψi `
bÿ
j“1
y2j
2
ψj`n
¸d
dy1 ¨ ¨ ¨ dyb
over a compact subset of ĎMg,n`b ˆ Rbě0 that depends on ~x, but naturally arises
from our compactification of Mpg,bq,n. Moreover, we show that this volume form
has an interpretation as a Duistermaat-Heckman measure, reflecting the intrinsic
geometry of Mpg,bq,n.
Using the Weil-Petersson symplectic form, and adapting a scaling limit argument
of Do [10], we pull back the scaled sum of ψ-classes to the piecewise defined 2-form
on RGpg,bq,n that was first considered by Kontsevich in his proof of the Witten
Conjecture [14]. By integrating over the ribbon graph complex, we prove that the
generating function of open intersection numbers is given by the Kontsevich-Penner
model.
The techniques used in this paper are from hyperbolic and symplectic geometry,
and it does seem to be the natural setting in which the construction is carried out.
Nevertheless, it would be interesting to obtain an algebro-geometric interpretation
for these results. As well, the relationship between our moduli space and the one
being constructed by Solomon and Tessler seems to be quite mysterious, and worth
exploring further. However, such topics are left for future work.
The paper is organized as follows. In Section 2 we define a notion of open ribbon
graph (or ribbon graph with boundary) and construct the resulting ribbon graph
complex. In Section 3 we calculate the Feynman graph expansion of the Kontsevich-
Penner model, and show that it can be written as a sum over open ribbon graphs.
In Section 4 we prove that the ribbon graph complex constructed in Section 2 is
equivalent to the moduli space of open Riemann surfaces, and, as a consequence,
permits for a straightforward compactification. Finally, in Section 5 we construct
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an intersection theory on the moduli space, and show that its generating function
is given by the Kontsevich-Penner model.
Acknowledgement. The author would like to thank Ran Tessler for helpful dis-
cussions. During the preparation of this paper, the author received support from
the National Science Foundation through grant DMS-1308604.
2. Ribbon graphs with boundary
In this section we define a notion of ribbon graph appropriate for modeling
surfaces with boundary. By ribbon graph (either with or without boundary) we
mean a graph embedded in a compact surface such that its complement is a disjoint
collection of disks, and with the boundary of the surface contained in the image of
the graph. We further require the interior of each edge to be either contained in the
boundary or disjoint from the boundary. As well, we disallow graphs with vertices
of degree one or two. The boundary of the ribbon graph is the collection of edges
and vertices contained in the boundary of the surface. We will use the terms open
or closed ribbon graphs to refer to graphs with or without boundary, respectively.
The path of edges surrounding a disk in the graph complement of the surface is
a face cycle, while the path of edges around a boundary component is a boundary
cycle. Note that in the literature describing closed ribbon graphs, what we call a
face cycle is usually called a boundary cycle. We have changed standard notation
to avoid confusing the different notions of boundary. The type of a ribbon graph
is the triple of integers ppg, bq, nq, where g is the genus of the underlying surface, b
is the number of boundary components of the surface (equivalently, the number of
boundary cycles on the graph), and n is the number of disks in the graph comple-
ment (equivalently, the number of face cycles). A ribbon graph is open if and only
if b ą 0.
An equivalent, purely combinatorial definition of a ribbon graph is given as
follows.
Definition 2.1. A ribbon graph is a collection of data Γ “ ph, σ0, σ1, σ2, Bq, where
(1) h is a finite set (the set of directed edges, or equivalently half-edges of the
graph).
(2) σi : hÑ h are permutations.
(3) σ1 is a fixed-point free involution.
(4) σ2 “ σ
´1
0 ˝ σ1, hence is usually omitted from the notation.
(5) B Ă h is the set of boundary half-edges, satisfying the conditions:
(i) if x P B then σ2pxq P B, and
(ii) if x P B then σ1pxq R B.
(6) No cycles of σ0 are of length 1 or 2.
A connected ribbon graph satisfies the additional constraint that the group gen-
erated by xσ0, σ1y acts transitively on h. A graph satisfying conditions (1)–(5), but
having at least one vertex of degree less than three will be called unreduced.
For any ribbon graph Γ, we can identify the cycles of σ0 with the vertices vpΓq,
the cycles of σ1 with the edges epΓq, and the cycles of σ2 with the disjoint union of
the faces fpΓq and boundaries bpΓq. Boundary cycles are identified by having their
half-edges in B, while face cycles have their half-edges in F “ hzB.
For a set X , a ribbon graph Γ “ ph, σ0, σ1, Bq is calledX-colored if there is a map
from the set of faces of Γ to X . Equivalently, this is a map c : F Ñ X satisfying
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c ˝ σ2 “ c. When X “ t1, . . . , nu, we call the graph n-colored. A face-marked
ribbon graph is an n-colored ribbon graph with a bijective coloring.
A metric ribbon graph has the extra data of a positive length assigned to each
edge. Hence, any point in R
|epΓq|
` defines a metric on Γ. However, the automorphism
group of Γ acts on R
|epΓq|
` , making the set of all metrics on Γ into an orbifold:
MetpΓq “ R
|epΓq|
` {AutpΓq.
If we let Gpg,bq,n be the set of all connected, face-marked ribbon graphs of type
ppg, bq, nq, then the open ribbon graph complex is the set
RGpg,bq,n “
ğ
ΓPGpg,bq,n
MetpΓq.
Edge contraction provides a natural topology on the complex, making it into a
smooth orbifold [19, 22]. Note that RGpg,0q,n “ RGg,n is the complex of closed
ribbon graphs appearing previously in the literature.
In order for the constructions below to make sense, for any ribbon graph we
must first choose a labeling on the boundary cycles. This produces a b!-fold orbifold
covering ĄRGpg,bq,n Ñ RGpg,bq,n .
However, the end result is independent of choice of labeling, hence can be under-
stood as a statement about RGpg,bq,n.
Following Kontsevich [14], we construct n` b 2-forms on the ribbon graph com-
plex (one for each face and boundary) by choosing a distinguished edge for every
face and boundary cycle, which upgrades the cyclic ordering of the edges around a
cycle to a total ordering. We use the notation ℓ
rks
1 , . . . , ℓ
rks
mk to indicate the lengths
of the edges appearing in order around cycle k. The face cycles have indices k ď n,
while the boundary cycles correspond with k ą n. We define
ωk “
mk´1ÿ
i“1
mkÿ
j“i`1
dℓ
rks
i ^ dℓ
rks
j ,
then set
Ω “
1
2
n`bÿ
k“1
ωk.
Note that Ω is not invariant under changes in the choices of total ordering at
each boundary. However, if Ω1 is a Kontsevich 2-form constructed from a different
choice of total ordering at each cycle, then the difference can be calculated to be
Ω´ Ω1 “
n`bÿ
k“1
ak ^ dpk,
where ak are one forms and pk “ ℓ
rks
1 ` ¨ ¨ ¨ ` ℓ
rks
mk is the perimeter of cycle k. If
we let p :ĄRGpg,bq,n Ñ Rn`b` be the map sending a metric ribbon graph to its tuple
of cycle perimeters, then we denote ĄRGpg,bq,np~x; ~yq “ p´1px1, . . . , xn, y1, . . . , ybq.
Hence Ω|ĄRGpg,bq,np~x;~yq is well-defined. Moreover, Kontsevich [14] proved that it
is non-degenerate when restricted to cells corresponding to graphs with no even-
valent vertices, which includes the top-dimensional strata of trivalent ribbon graphs
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(graphs where all vertices have degree 3). He also proved that for any trivalent graph
Γ of type ppg, bq, nq, we have
Ωd
d!
nź
i“1
dxi
bź
j“1
dyj “ 2
α
ź
ePepΓq
dle,
where α “ 2g ´ 2` n` b “ |epΓq|´ |vpΓq|, and d “ 3g ´ 3` n` b.
We define
Volpg,bq,np~x; ~yq “
1
b!
ż
ĄRGpg,bq,np~x;~yq
1
d!
Ωd.
If we treat the boundary perimeters as flat coordinates on the moduli of open
surfaces (which we justify in Section 5), and take the Laplace transform of the face
perimeter coordinates, we get the expression
Wpg,bq,np~λq “
ż 8
0
¨ ¨ ¨
ż 8
0
d~xd~y expp´~λ ¨ ~xqVolpg,bq,np~x; ~yq
“ 2α
ż
RG
pg,bq,n
expp´~λ ¨ ~xq
ź
ePepΓq
dℓe.
Naively, one might expect the integral to diverge, as there is no exponential damp-
ening on the boundary perimeters. However, condition (5) of Definition 2.1 ensures
that ÿ
yj ď
ÿ
xi,
which allows the integral to converge.
We observe that for any face-marked ribbon graph Γ
~λ ¨ ~x “
ÿ
ePepΓq
λ˜eℓe,
where
λ˜e “
#
λcpe`q ` λcpe´q if e is an internal edge,
λcpeq if e is a boundary edge.
Note that cpe˘q refers to the two face colors on either side of an internal edge, while
any boundary edge has exactly one side being a face, making cpeq unambiguous.
As well, the integral over RGpg,bq,n defining Wpg,bq,n splits as a sum of integrals
over the open strata, each cell of which corresponds to a graph in G3pg,bq,n, the set
of all face-marked trivalent ribbon graphs of type ppg, bq, nq. Hence, we calculate
Wpg,bq,np~λq “
ÿ
ΓPG3
pg,bq,n
2|epΓq|´|vpΓq|
|AutpΓq|
ź
ePepΓq
ż 8
0
e´λ˜eℓedℓe
“
ÿ
ΓPG3
pg,bq,n
2|epΓq|´|vpΓq|
|AutpΓq|
ź
ePepΓq
1
λ˜e
.(2.1)
In Section 3, this identical sum appears as the Feynman graph expansion of the
Kontsevich-Penner model, while in Section 5, we justify the integral as a coho-
mological quantity on a particular compactification of the moduli space of open
Riemann surfaces.
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3. Feynman graph expansion of the Kontsevich-Penner model
We wish to use Feynman graph techniques (c.f. [5]) to calculate the asymptotic
expansion of the Kontsevich-Penner model
τQ “ detpΛq
QC´1Λ
ż
HN
dX exp
´
´Tr
`X3
3!
`
X2Λ
2
`Q logpX ` Λq
˘¯
,
where
CΛ “ e
TrΛ3{3
ż
HN
dX e´Tr
X2Λ
2 ,
Λ “ diagpλ1, . . . , λN q, and we are considering an expansion when ΛÑ p8, . . . ,8q.
The techniques involved are standard, and well described in the literature. Since the
asymptotic expansion in this case is a variation of the expansion for the Kontsevich
model, we follow the approach taken by Looijenga [15] in what follows.
Because we are in the large Λ regime, we can first expand
exp
`
´TrQ logpX ` Λq
˘
“ detpΛq´Q exp
8ÿ
k“1
Q
k
TrpΛ´1Xqk.
If we denote
xfyΛ “ C
´1
Λ
ż
HN
dXfpXq exp
`
´Tr
X2Λ
2
˘
,
then we wish to calculate
xexpTr
´
´
X3
3!
`
8ÿ
k“1
Q
k
p´Λ´1Xqk
¯
yΛ.
To that end, we introduce hint “ dˆ Z3, hB “
ŤK
j“1 bj ˆZj , h “ hint Y hB, and the
cyclic rotation operator
σ0 : h Ñ h
pi, jq ÞÑ pi, j ` 1q.
Note that an expression of the form
Mpd; b1, . . . , bKq “
`
Trp´X3q
˘d Kź
j“1
`
Trp´Λ´1Xqj
˘bj
can be written out as a sum of monomials in the variables Xij and λ
´1
i , naturally
labelled by the set of maps
ϕ : hÑ N
by the following correspondence. For a map ϕ : h Ñ N , and a P hint we denote
ϕa “ Xϕpaq,ϕσ0paq, while for b P hB we have ϕb “ λ
´1
ϕpbqXϕpbq,ϕσ0pbq. Then
(3.1) Mpd; b1, b2, . . . , bKq “
ÿ
ϕ:hÑN
ź
cPh
ϕc.
By Wick’s Lemma (c.f. [5]), we have
(3.2) x
ź
cPh
ϕcyΛ “
ÿ
P
ź
tc,duPP
γpϕc, ϕdq,
where
γpXi,j , Xk,lq “
2
λi ` λj
δi,lδj,k,
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Figure 3.1. Expanding a boundary vertex into a boundary cycle
and the sum is over the set of all pairings P of elements of h. Equivalently, this
is the set of fixed-point-free involutions tσ1 : h Ñ h | σ
2
1 “ 1, σ1pxq ‰ x @x P hu,
where a pairing P corresponds with an involution σ1 by tc, du P P ðñ σ1pcq “ d.
As discussed in Section 2, we can associate an unreduced ribbon graph Γpσ0, σ1q
to the pair of permutations, with the half-edges labelled bijectively by the elements
of h. We see that the graph has two distinct types of vertices: d internal vertices,
each of degree 3, and bj boundary vertices of degree j, for j “ 1, . . . ,K. We
further replace Γpσ0, σ1q with the reduced ribbon graph rΓpσ0, σ1q, obtained by
“blowing up” each boundary vertex into a cycle of boundary edges, as depicted
in Figure 3.1. Note that rΓpσ0, σ1q is trivalent, and the set of boundary edges so
obtained automatically satisfies condition (5) of Definition 2.1. In addition, every
half-edge i incident to a boundary vertex of Γpσ0, σ1q contributes a weight of λ
´1
φpiq
to (3.2). These weights can be uniquely transferred to the newly created boundary
edges in rΓpσ0, σ1q.
Since γpXi,j, Xk,lq is non-zero exactly when i “ l and j “ k, a graph rΓpσ0, σ1q
contributes to (3.2) when the following condition is satisfied: If σ1pcq “ d then
ϕpcq “ ϕ ˝ σ0pdq and ϕpdq “ ϕ ˝ σ0pcq. Hence on the ribbon graph rΓ, ϕ factors
through an N -coloring ϕ¯ of its face cycles, giving an N -colored ribbon graph prΓ, ϕ¯q.
Let G denote the group of automorphisms of h that commute with σ0. In other
words, ψ P G if and only if ψ : h Ñ h with ψphintq “ hint, ψphBq “ hB, and
ψ ˝σ0 “ σ0 ˝ψ. It is easy to see that G is a direct product of semi-direct products,
with
G “
`
Sd ¨ pZ3q
d
˘
ˆ
Kź
j“1
`
Sbj ¨ pZjq
bj
˘
,
and its order given by
|G| “ d!3d
Kź
j“1
bj!j
bj .
G acts on the set of pairs pσ1, ϕ¯q, with two pairs defining isomorphic colored
open ribbon graphs if and only if they are in the same G-orbit. Furthermore, the
automorphism group of prΓpσ0, σ1q, ϕ¯q is the G-stabilizer of pσ1, ϕ¯q.
Since
τQ “ xexpTr
´
´
X3
3!
`
8ÿ
k“1
Q
k
p´Λ´1Xqk
¯
yΛ
“
ÿ
d,pb1,b2,...q
p´1qd
d!3d2d
˜ź
j
Qbk
bj !kbj
¸
xTrdX3
ź
Trbj p´Λ´1XqjyΛ,(3.3)
we have
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Figure 3.2. Graphs contributing to the coefficient of t3 in FQ.
Dashed lines delineate boundary cycles.
Figure 3.3. Graphs contributing to the coefficient of t1t2 in FQ.
Proposition 3.1.
(3.4) τQ “
ÿ
prΓ,ϕ¯q
2|ep
rΓq|´|vprΓq|Q|bprΓq|
|AutprΓ, ϕ¯q| ź
ePeprΓq
λ˜´1e ,
where the sum is over the set of all trivalent N -colored ribbon graphs (both open
and closed, connected and disconnected), and we recall that
λ˜e “
#
λϕ¯pe`q ` λϕ¯pe´q if e is an internal edge
λϕ¯peq if e is a boundary edge.
Proof. The only outstanding issue is the fate of the negative signs present in (3.3).
We observe that for any graph, 3d `
ř
jbj “ 2|internal edges|. Since ´1 appears
in (3.3) with exponent d`
ř
jbj, they completely cancel for (3.4). This completes
the proof. 
As is typical in these types of counting problems, FQ “ log τQ is obtained by
restricting the sum to connected ribbon graphs. Given our expression (2.1) in the
previous section for Wpg,bq,np~λq, we can immediately see
Corollary 3.2.
FQ “
ÿ
g,b,n
Qb
n!
ÿ
φ:nÑN
Wpg,bq,npλφp1q, . . . , λφpnqq.
Example 3.3. The coefficient of t3 “
1
3
ř
λ´3i for FQ has contributions from two
graphs, as depicted in Figure 3.2. The first graph has no boundary components
and an automorphism group of order 6, while the second graph has two boundary
components and an automorphism group of order 2. Hence
rt3sFQ “
1
8
`
3
2
Q2.
Example 3.4. The coefficient of t1t2 “
1
2
ř
λ´1i
ř
λ´2i for FQ has contributions
from the two graphs depicted in Figure 3.3. All graphs have a single boundary
component and trivial automorphism group, except for the left graph in the case
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when the two faces have identical colors, where the automorphism group has order
2. Hence
rt1t2sFQ “ 2Q.
4. Combinatorial representations of surfaces with boundary
In this section we prove that the complex of open ribbon graphs is equivalent
to the moduli space of open Riemann surfaces. This equivalence enables the con-
struction of a simple compactification. In what follows, all surfaces have at least
one interior marked point, and we exclude the unstable surfaces of type pp0, 0q, 1q,
pp0, 0q, 2q, and pp0, 1q, 1q.
Definition 4.1. A Riemann surface of type ppg, bq, nq consists of a complex analytic
structure on a compact surface of genus g, with b boundary components, together
with n distinct marked points a1, . . . , an in the interior of the surface. The Riemann
surface is closed when b “ 0, otherwise it is open. We require each boundary
component to have a holomorphic collar structure. The moduli space of all such
surfaces is denoted Mpg,bq,n. It is a real analytic orbifold of dimension 6g´6`3b`
2n.
From the definition of a Riemann surface Σ of type ppg, nq, nq, one may canon-
ically associate to such a surface a closed Riemann surface by constructing the
double DΣ. If Σ has genus g, with b boundary components and n interior marked
points, then DΣ will have genus 2g ` b ´ 1 and 2n interior marked points. More-
over, it comes equipped with an anti-holomorphic involution ρ : DΣÑ DΣ, where
the quotient space is equivalent to Σ, and the fixed point set is identified with the
boundary of Σ.
We may use the uniformization theorem to uniquely associate to DΣ a complete,
finite area hyperbolic metric on the punctured surface (DΣ with the marked points
removed). This conformally equivalent hyperbolic surface will have an orientation
reversing isometric involution, with the fixed point set being a union of simple
closed geodesics.
We wish to assign a closed metric ribbon graph to DΣ, but to do so uniquely
we must first specify a positive weight for each marked point. In our case, we must
choose weights so that if marked point ai has weight xi P R`, then ρpaiq also has
weight xi. One method of constructing a ribbon graph that captures the geometry
of the surface is to use the complex structure through Jenkins-Strebel differentials
(c.f. [23]). However, the current work is more naturally suited to the cut-locus
construction of Bowditch and Epstein [6], which uses the hyperbolic structure of
the surface.
To summarize the approach, we first use the weights to find horocycles in a
neighborhood of each marked point/puncture. In particular, we must uniformly
rescale the weights so that they sum to 1 (the construction is scale invariant),
then choose the unique horocycle of length given by the rescaled weight of that
puncture. We let pΓ Ă DΣ be the set of points with two or more shortest geodesics
to the collection of horocycles. As proven in [6], the set pΓ enjoys a number of nice
properties, including:
(1) pΓ is a closed ribbon graph, with no vertices of degree 1 or 2. The faces
of the ribbon graph are homotopic to the horocycle neighborhoods of the
punctures in D
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(2) The edges of pΓ are geodesic segments in DΣ.
(3) Each edge can be assigned a length by taking the length of the section of
the horocycle corresponding to that edge (there is a symmetry exchanging
the two sides of the edge, making it a well-defined quantity).
(4) The sum of the assigned edge lengths around a face cycle equals the weight
of the corresponding puncture.
For the case at hand, where the surface has an isometric involution, it is easy
to see that the isometry preserves the ribbon graph. Moreover, the fixed point set
of the involution is a subset of the ribbon graph. Hence the quotient graph is a
ribbon graph, where the collection of boundary edges is exactly the set of edges
fixed point-wise by the involution. Thus after following the arguments presented in
[6], which adapt essentially without change to the present situation, we have
Theorem 4.2. In the commutative diagram
Mpg,bq,n ˆ R
n
` RGpg,bq,n
Rn`,
Φ
the Bowditch-Epstein map Φ is an equivalence of orbifolds.
We note that an open ribbon graph can be thought of as a closed ribbon graph via
the forgetful map which does not distinguish between boundary and non-boundary
edges. Hence we have the sequence of mapsĄRGpg,bq,n ãÑ RGg,b`n „ÝÑMg,b`n ˆ Rb`n` ãÑ ĎMg,b`n ˆ Rb`ně0 ,
where we recall that ĄRGpg,bq,n is the b!-fold cover of RGpg,bq,n obtained by labeling
the b boundary components. Since all of the maps are equivariant with respect to
the natural Sb action, we have an inclusion
β : Mpg,bq,n ˆ R
n
` ãÑ pĎMg,b`n ˆ Rb`ně0 q{Sb.
Next note that for any fixed ~x “ px1, . . . , xnq, the closure of βpMpg,bq,n ˆ t~xuq
is compact. This follows from the fact that for any open metric ribbon graph
Γ P RGpg,bq,n, having face perimeters of length ~x and boundary perimeters of length
~y, we must have the inequality
bÿ
i“1
yi ď
nÿ
j“1
xj .
We denote this compact space by ĎMpg,bq,np~xq. We will also make use of the com-
pact space ĎMpg,bq,np~x; ~yq Ă ĎMg,b`n ˆ Rb`ně0 , which is the closure of the image ofĄRGpg,bq,np~x; ~yq.
5. Intersection number calculations
In this section we justify the integral of Kontsevich’s piecewise-defined form over
the ribbon graph complex as a tautological class calculation on the compactification
of the moduli space of open Riemann surfaces. To do so we adapt to the open
Riemann surface case a scaling-limit procedure for the Weil-Petersson form given
by Do [10].
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As is well known, the moduli space Mg,n has a symplectic structure given by
the Weil-Petersson form ωWP . Moreover, Wolpert [25] has shown that the form
extends smoothly to the boundary in ĎMg,n, defining a cohomological class rωWP s P
H2pĎMg,n;Qq. However, for our purposes, we also need the Weil-Petersson form
defined on the moduli space of bordered hyperbolic surfaces, Mg,npL1, . . . , Lnq,
where a point in this space is a hyperbolic metric on a compact surface with n
boundary components, with the boundaries being geodesics of specified lengths
pL1, . . . , Lnq. Note that this space has more in common with the usual moduli space
Mg,n, being, in fact, diffeomorphic, rather than the moduli space of open Riemann
surfaces under consideration in the present work. It was proven by Mirzakhani [17]
that the pull back of Weil-Petersson forms under a diffeomorphism
f~L :
ĎMg,n Ñ ĎMg,npL1, . . . , Lnq
satisfies
f˚~LrωWP s “ rωWP s `
1
2
ÿ
L2iψi.
Furthermore, Mondello [18] and Do [10] have proven that in the scaling limit
~L Ñ 8, the Weil-Petersson form converges pointwise to Kontsevich’s symplectic
form. To be more precise, the Bowditch-Epstein construction works equally well
on surfaces in Mg,np~Lq, with the weights coming from the lengths of the geodesic
boundaries. If
Φ : Mg,n ˆ R
n
`
„
ÝÑ RGg,n
Φ~L : Mg,np
~Lq
„
ÝÑ RGg,np~Lq
are the two different Bowditch-Epstein diffeomorphisms, then we denote the com-
position
f~L “ Φ
´1
~L
˝ Φ
ˇˇˇ
Mg,nˆt~Lu
: Mg,n
„
ÝÑMg,np~Lq.
Note that this map is an expression of the fact that for any metric ribbon graph, one
can uniquely construct a cusped hyperbolic surface, and also a bordered hyperbolic
surface.
We perform a scaling limit by considering the pullback of the rescaled Weil-
Petersson form 1
t2
ωWP under the family of maps ft~L, as t Ñ 8. In fact, we have
[10]
Ω “ lim
tÑ8
1
t2
f˚
t~L
ωWP ,
where the convergence is pointwise on the open dense subset of Mg,n corresponding
with trivalent ribbon graphs in the combinatorial model.
Do uses this fact to justify the equalityż
RGg,np~Lq
Ωd
d!
“
ż
ĎMg,n
1
d!
´ÿ L2i
2
ψi
¯d
,
thus sidestepping the delicate quotient compactification of RGg,n in Kontsevich’s
original proof of the Witten conjecture.
The same analysis applies verbatim to the moduli space of open Riemann sur-
faces, considered through its image inMg,b`n. As a result, one sees that Ω
ˇˇĄRGpg,bq,np~x;~yq
represents the scaled sum of ψ-classes
ř x2i
2
ψi`
ř y2j
2
ψj`n. In other words, we have
proven
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Figure 5.1. Capping an open surface.
Theorem 5.1.
Volpg,bq,np~x; ~yq “
1
b!
ż
ĎM
pg,bq,n
p~x;~yq
1
d!
ˆÿ x2i
2
ψi `
ÿ y2j
2
ψj`n
˙d
,
where d “ 3g ´ 3` n` b.
The one remaining subtle point concerns justifying integrating over the y-variables
as flat coordinates. The explanation is as follows.
We let
pS1qb M~γpg,bq,n
Mpg,bq,n
be the b-torus orbifold bundle obtained by allowing exactly one (labeled) marked
point on each boundary component. In this notation, we understand ~γ “ pγ1, . . . , γbq
to be the boundary geodesics of the surface. This space has an equivalent repre-
sentation
M~γpg,bq,n M
~γ
g,n`2b
Mg,n`2b
„
obtained by capping off each boundary component with a sphere with 1 boundary
and 2 cusps, as depicted in Figure 5.1. Note that the unique geodesic seam joining
the boundary of a capping sphere to one of its cusps is lined up with the marked
point on the boundary. This results in a point in the space
M~γg,n`2b “
#
pC, γ1, . . . , γbq
ˇˇˇˇ
ˇ
C P Mg,n`2b, with marked cusps a1, . . . , an`2b,
and γi is a simple closed geodesic enclosing
marked points an`2i`1, an`2i`2
+
,
which is an infinite cover ofMg,n`2b. To say that γi encloses marked points an`2i`1
and an`2i`2 means that Czγi is the disjoint union of two surfaces, one of which
is homeomorphic to a sphere with one boundary and two cusps, the cusps being
labeled by an`2i`1 and an`2i`2. This type of cover was first considered by Mirza-
khani [16, 17] when calculating the Weil-Petersson volumes of the moduli space of
bordered hyperbolic surfaces. Some important observations about M~γg,n`2b include
the following:
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‚ It is a symplectic manifold (via the Weil-Petersson form).
‚ It has a hamiltonian b-torus action given by performing Fenchel-Nielsen
twists (c.f. [1]) around the curves γ1, . . . , γb. This corresponds with rotating
the marked points on M~γpg,bq,n.
‚ The moment map is given by the b-tuple of squares of lengths of the
curves ~γ, i.e. µpC,~γq “
`
ℓ2pγ1q{2, . . . , ℓ
2pγbq{2
˘
, or equivalently the squared
lengths of the geodesic boundaries in M~γpg,bq,n.
‚ The symplectic quotient at level set ~y, i.e. µ´1p~yq{pS1qb, is the spaceĂMpg,bq,np~yq, which consists of open surfaces where the boundaries are la-
beled and of specified lengths y1, . . . , yb.
‚ The scaling limit argument for the Weil-Petersson form can be easily adapted
to these symplectic quotients. Hence the form Volpg,bq,np~x; ~yqdy1 ¨ ¨ ¨ dyb is
the Duistermaat-Heckman [11] measure for the above Hamiltonian torus
action.
Putting this all together, we have proven
Theorem 5.2. Wpg,bq,np~λq is the Laplace transform (w.r.t. variables ~x) of the
Duistermaat-Heckman volume obtained by integrating the form
1
d!
˜
nÿ
i“1
x2i
2
ψi `
bÿ
j“1
y2j
2
ψj`n
¸d
d~y
over ĎMpg,bq,bp~xq Ă ĎMg,b`n{Sb.
This completes the argument that our integral formulas are geometrically rele-
vant, and correspond with an intersection theory calculation on the moduli space
of open Riemann surfaces.
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